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Abstract. In [6] the authors introduced the notion of quasi-polynomial func- 
tion as being a mapping / : X" — > X defined and valued on a bounded chain 
X and which can be factorized as /(xi , . . . ,Xn) = p{ip{x\), . . . , where 
p is a polynomial function (i.e., a combination of variables and constants using 
the chain operations A and V) and is an order-preserving map. In the current 
paper we study this notion in the more general setting where the underlying 
domain and codomain sets are, possibly different, bounded distributive lat- 
tices, and where the inner function is not necessarily order-preserving. These 
functions appear naturally within the scope of decision making under uncer- 
tainty since, as shown in this paper, they subsume overall preference func- 
tional associated with Sugeno integrals whose variables are transformed by a 
given utility function. To axiomatize the class of quasi-polynomial functions, 
we propose several generalizations of well-established properties in aggregation 
theory, as well as show that some of the characterizations given in 6 still hold 
in this general setting. Moreover, we investigate the so-called transformed 
polynomial functions (essentially, compositions of unary mappings with poly- 
nomial functions) and show that, under certain conditions, they reduce to 
quasi-polynomial functions. 



1. Introduction 

When we need to summarize, fuse, or merge a set of values into a single one, we 
usually make use of a so-called aggregation function, e.g., a mean or an averaging 
function. The need to aggregate values in a meaningful way has become more 
and more present in an increasing number of areas not only of mathematics or 
physics, but especially in applied fields such as engineering, computer science, and 
economical and social sciences. Various aggregation functions have been proposed in 
the literature, thus giving rise to the growing theory of aggregation which proposes, 
analyzes, and characterizes aggregation function classes. For recent references, see 
Beliakov et al. [2] and Grabisch et al. [T3j . 

Among noteworthy aggregation functions is the (discrete) Sugeno integral, which 
was introduced by Sugeno [201 EI] as a way to compute the average of a function 
with respect to a nonadditive measure. Since its introduction, the Sugeno integral 
has been thoroughly investigated and is now considered as one of the most relevant 
aggregation functions in the qualitative setting of ordinal information (e.g., when 
the values to be aggregated are simply defined on a chain without further structure) . 
For general background, see also the edited book [14]. 
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As it was observed in 17J, Sugeno integrals can be regarded as certain (lattice) 
polynomial functions, that is, functions which can be obtained as combinations of 
variables and constants using the lattice operations A and V. More precisely, given 
a bounded chain X, the Sugeno integrals are exactly those polynomial functions 
/: X" — > X which are idempotent, that is, satisfying /(x, . . . ,x) = x. This conve- 
nient description made it possible to naturally extend the definition of the Sugeno 
integrals to the case when X is a bounded distributive lattice (see [18]) and to 
derive several axiomatizations of this class (as idempotent polynomial functions); 

see laig. 

In many applications, the values to be aggregated are first to be transformed 
by an order-preserving unary function ^p: X ^ Y so that the transformed values 
(which are usually real numbers) can be aggregated in a meaningful way by a 
function g: Y" Y. The resulting composed function /: X" Y is then defined 
as f = g o that is, 

(1) f{xi, Xn) = gifixi), f{Xn))- 

Such an aggregation model is used for instance in decision under uncertainty, where 
if is called a utility function and / an overall preference functional. It is also used in 
multi-criteria decision making where the criteria are commensurate (i.e., expressed 
in a common scale). For a recent reference, see the edited book [3]. 

This aggregation model has also been investigated in a purely ordinal decision 
setting, where X and Y are bounded chains and g : F" — * F is a Sugeno integral 
or a polynomial function; see for instance [101 HI]- In the special case when X — 
Y , the corresponding compositions ([T]), which we call quasi-polynomial functions, 
were recently investigated and characterized by the authors as solutions of certain 
functional equations and in terms of necessary and sufhcient conditions which have 
natural interpretations in decision making and aggregation theory; see |6j . 

The current paper is structured as follows. In Sections 2 and 3, we recall the 
basic concepts in lattice theory as well as few well-known results concerning poly- 
nomial functions needed throughout the paper. In Section 4, we investigate the 
quasi-polynomial functions when considered in the more general setting where the 
underlying domain and codomain sets are, possibly different, bounded distributive 
lattices, and where the inner unary functions are not necessarily order-preserving. 
Moreover, we show that some axiomatizations of the class of quasi-polynomial func- 
tions given in [^ still hold in this more general setting and, under certain assump- 
tions, we propose further characterizations of this class by necessary and sufficient 
conditions given in terms of generalizations of well-established properties in ag- 
gregation theory. These results also lead to new characterizations of the class of 
polynomial functions. Finally, in Section 5, we introduce the concept of trans- 
formed polynomial function and show that, under certain conditions, this notion is 
subsumed by that of quasi-polynomial function. 

2. Basic notions and terminology 

Throughout this paper, let X be an arbitrary bounded distributive lattice with 
lattice operations A and V, and with least and greatest elements Ox and Ix, re- 
spectively, where the subscripts may be omitted when the underlying lattice is clear 
from the context. A chain is simply a lattice such that, for every a, 6 G A", we have 
a ^ 6 or 6 ^ a. A subset 5* of a lattice X is said to be convex if, for every a^b ^ S 
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and every c € X such that a ^ c ^ b, we have c £ S. For any subset S £ X, we 
denote by S the convex huU of S, that is, the smaUest convex subset oi X containing 
S. For any integer n ^ 1, we set [n] = {1, . . . , n}. 

The Cartesian product X" can be as well regarded as a bounded distributive 
lattice by defining A and V componentwise, i.e., 

(ai, . . . ,a„) A (&i, . . . ,6„) = (ai A 61, . . . , a„ A 6„), 
(oi, . . . ,a„) V (fei, . . . ,6„) = (ai V 61, . . . ,a„ V 6„). 

We denote the elements of X by lower case letters a, b,c, . . ., and the elements of X" 
by bold face letters a, b, c, . . .. We also use and 1 to denote the least element and 
the greatest element, respectively, of X" and we denote by e any n-tuple whose 
components are either or 1, regardless of the underlying lattice. For k G [n] 
and c € X, we use xj: to denote the n-tuple whose ith component is c. Hi — fc, 
and Xi, otherwise. For c £ X and x £ X", let x A c = {xi A c, . . . , x„ A c) and 
X V c = (xi V c, . . . , Xn V c), and denote by [x]c (resp. [x]^) the n-tuple whose ith 
component is (resp. 1), if Xi ^ c (resp. Xi ^ c), and Xi, otherwise. 

Let Y be an arbitrary bounded distributive lattice, possibly different from X . A 
mapping ip: X ^ Y is said to be a lattice homomorphism if it preserves the lattice 
operations, i.e., 

ip{a Ax b) — ip{a) Ay (p{b) and (p{a Vx b) — (p(a) Vy (p{b). 

With no danger of ambiguity, we omit the subscripts X and Y. For further back- 
ground on lattice theory, see, e.g., [Sl fTSlfTOj . 

The range of a function /: X" ^ F is given by TZf — {/(x) : x e X"}. 
The diagonal section of / is the unary function Sf: X Y defined by Sf{x) = 
f{x,...,x). A function /: X" ^ y is said to be order-preserving (resp. order- 
reversing) if, for every a, b £ X" such that a ^ b, we have /(a) ^ /(b) (resp. 
/(a) ^ /(b)). By a monotone function we simply mean an order-preserving or 
order-reversing function. As a typical example, we have the ternary median function 
med: X'^ ^ X which is given by 

med(a:i, a;2, Xs) = {xi A X2) V {x2 A X3) V {x^ A Xi). 

For any integer m ^ 1, any vector x G AT™, and any function /: A" — > A, we 
define (x)/ e A™ as the m-tuple (x)/ = med(/(0), x, /(I)), where the right- 
hand side median is taken componentwise. For ip: X ^ Y and x e A", we set 

(p(x) = ((/3(xi), . . . ,(^(X„)). 

Given a function /: A" Y, we define the function /: {0, 1}" — > F as 
(2) /(e) = V A ee{0,ir. 

e'i&{0,l} e^e{0,l} 
i£[n] : ei — 1 iG[n] : a—O 

We convey that 

/(0)= /\ fie') and /(I) = \/ /(e'). 

e'e{0,l}" e'e{0,l}" 

For instance, if n — 2, we have 



(3) /(0,1) = (/(0,0)A/(1,0))V(/(0,1)A/(1,1)). 
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If / is order-preserving then / = /|{o.i}"- However, note that / is always order- 
preserving. We let pf: — > y be the unique polynomial function extending / 
(see Proposition [2] below). 

Remark 1. Note that there are n! ways of rearranging the V and A in expression 
(12) and thus n\ ways of constructing such an order-preserving function from a given 
/: X" Y, each of which producing a possibly different order-preserving function. 
For instance, let /: {0, 1}^ — > {0, 1} be the Boolean addition, i.e., addition modulo 
2. Then, as defined in ([2]), / is the binary conjunction A. On the other hand, if / 
had been defined as 

(4) /(e) = A V /(^'), e£{0,ir, 

e^e{0,l} e'.e{0,l} 
ie[n] : ei=0 i£ln] : 6^ = 1 

then / would have been the binary disjunction V. To avoid such ambiguities, we 
only refer to / as given in 

3. General background on polynomial functions 

In this subsection we recall some important results on polynomial functions 
that will be needed hereinafter. For further background, we refer the reader to 

A (lattice) polynomial function on a lattice X is any map p: X" ~^ X which 
can be obtained as a composition of the lattice operations A and V, the projections 
X I— > Xi, i G [n], and the constant functions x i— > c, c € X. 

Fact 1. Every polynomial function p: X" X is order-preserving and satisfies 
Sp{c) = {c)p for every c € X . In particular 6p{c) = c for every c G TZp. 

Polynomial functions p: X" — > X satisfying TZp = X are referred to as (discrete) 
Sugeno integrals. By Fact[Tl Sugeno integrals are exactly those polynomial functions 
q: X^ X satisfying q(0) = and q(l) — 1, and thus every polynomial function 
p: X" X is of the form p = {q)p for a suitable Sugeno integral q: X" X (see 
[18]). The following result is due to Goodstein [121. 

Proposition 2. Every polynomial function is completely determined by its restric- 
tion to {0, 1}". Moreover, a function g: {0, 1}" —>■ X can be extended to a polyno- 
mial function f : X" X if and only if it is order-preserving, and in this case the 
extension is unique. 

As observed by Goodstein |12j . polynomial functions on bounded distributive 
lattices have neat normal form representations. To this extent, for each I C [n], 
let 8/ be the element of X" whose ith component is 1, if i G /, and 0, otherwise. 
Let a/ : 21"! X and /?/ : 21"! X he the functions defined by «/(/) = /(e/) and 
= /(eH\/), respectively. 

Proposition 3. A function f : A"" X is a polynomial function if and only if 

(5) /(x)= V {af(I)A/\x?j or /(x) = /\ (/3/(/) V \/ • 

IC[n] iel /C[n] iel 

The expressions given in ([S]) are usually referred to as the disjunctive normal 
form (DNF) representation and the conjunctive normal form (CNF) representation, 
respectively, of the polynomial function /. 
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In the sequel, we will make use of some characterizations of polynomial functions 
obtained in [71 [8]. For the sake of self-containment, we recall these results. 
Let S ex. A function /; X" -> X is said to be 

• S -idempotent if 6f{c) ~ c, for every S. 

• As -homogeneous if /(x Ac) — /(x) A c for all x G X" and c Cz S. 

• y s -homogeneous if /(x V c) ~ /(x) V c for all x G X" and c E S. 

• median decomposable if /(x) = med (/(x^), Xfe, /(x^)) for aU X e X" and 
A; e [n]. 

Theorem 4. Let / : X" X be a function. The following conditions are equiva- 
lent: 

(i) f is a polynomial function. 

(ii) / is median decomposable. 

(iii) / is order-preserving, and A-^^ - and -homogeneous. 

In the case when X is a chain. Theorem [4] can be drastically refined for the 
conditions provided only need to be verified on vectors of a certain prescribed type 
(see [S]). Moreover, further characterizations are available, and given in terms of 
conditions of somewhat different flavor, as the following theorem illustrates. 

Let cr be a permutation on [n\. The standard simplex of X" associated with a 
is the subset XJ^ C X" defined by XJ^ = {x e X" : Xcr(i) < Xc(2) ^ • ■ • ^ x^^n}}- 

Theorem 5 ( 9 ). Let X be a bounded chain. A function f: X" X is a 
polynomial function if and only if it is TZj -idempotent, and comonotonic mini- 
tive and comonotonic maxitive, that is, for every permutation a on [n], and every 

x,x'ex^, 

/(xAx') =/(x) A/(x') and /(x V x') = /(x) V /(x'), resp. 
4. QUASI-POLYNOMIAL FUNCTIONS AND QUASI-SUGENO INTEGRALS 

The notions of polynomial function and Sugeno integral can be naturally ex- 
tended to functions defined on a bounded distributive lattice X and valued on a pos- 
sibly different bounded distributive lattice Y via the concepts of quasi-polynomial 
function and quasi-Sugeno integral. 

Definition 6. We say that a function / : X" — > y is a quasi-polynomial function 
(resp. a quasi-Sugeno integral) if there exist a polynomial function (resp. a Sugeno 
integral) p: Y and a unary function (p: X ^ Y, satisfying ip — {(p)ip, such 

that f — p o ip, that is, 

(6) /(Xi, . . . , Xn) = V{v{xi), fiXn)). 

Remark 2. The condition (p = {ip)ip in Definition [6] simply ensures that the values 
of (p are not too scattered with respect to ip{0) and (p{l). More precisely, the values 
of <p lie in the interval [(p{0) A ip{l), ^(0) V </'(!)]. In the case when (p is monotone, 
this condition is satisfied since it translates into saying that (^(0) ^ ^{x) ^ fi^) or 
ip{l)^cp{x)^ip{0). 

It is easy to see that the functions p and 95 in ([6]) need not be unique. For 
instance, if / is a constant c E Y, then we could choose p = c and cp arbitrarily, or 
p idempotent and ip = c. We make use of the following lemma to show that we can 
always choose df for (p. 
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Lemma 7. Every polynomial function p: X" — > X satisfies p(x) = p((x)p), p(x V 
c) = p(x) V (c)p, and p(x A c) = p(x) ^ (c)p /or every x G X" and every c ^ X . 

Proof. Since p is V^jj; - and -homogeneous, we have p(x) — p{{n)p). We then 
have p(x) V (c)p = p((x)p) V (c)p = V c)p) = p(x V c). The last identity can be 
proved dually. □ 

Proposition 8. Let p: y" Y be a polynomial function, tp: X ~> Y a unary 
function, and set f — poLp. Then, we have Sj — {ip)p and f = po Sf. In particular, 
if p is a Sugeno integral, then we have if = Sf. 

Proof. By Fact[Tl we have 6f = Sp o = (ip)p and hence, by Lemma [71 f — p o ip — 
p o {(p)p = po Sf. The second part follows immediately. □ 

To explicitly describe all possible factorizations of quasi-polynomial functions 
into compositions of polynomial functions with unary maps, we shall make use of 
the following useful tool. 

Lemma 9. Letp: Y"' ^Y be a polynomial function, ip: X —i-Y a unary function, 
and set f — po ip. Then (p(x))/ = p{{x)ip) for every x e y". In particular, if 
ip = (ip)^, then f = {f)f. 

Proof. For every x G Y", we have 

(p(x))/ = med(/(0),p(x),/(l)) 

= (/(0)A/(l))v(p(x)A(/(0)V/(l))) 

= {p{0) A </p(l))p V (p(x) A {^(0) V p{l))^) (by Proposition [8]) 

= p{{(p{0) A Lp{l)) V {x A {(p{0) V p{l))) (byLemmaEl) 

In particular, ii (p = {p)ip, then (/) f = {p o ip) f = po {ip)^p = p o ip = f . □ 

The following proposition provides alternative factorizations of a quasi-polynomial 
function. 

Proposition 10. Let f : X" Y be a quasi-polynomial function, p: Y" Y a 
polynomial function, and ip: X ^ Y a unary function satisfying ip = (v)v Then 
we have f = p o tp if and only if Pf — (p) f and Sf — {^)p. In particular, we have 

f::^Pf0Sf. 

Proof. We first establish the following claim. 

Claim 1. If f =poip, then Sf = {ip)p, f =poSf, and f = (p)/|{o,i}" • 

Proof of Claim [7J The first two formulas follow immediately from Proposition [S] 
By Lemma [9l for every e e {0, 1}", we have (p(e))/ = p((e)^), where (e);^ is the 
n-tuple whose jth component is (^(0) V </'(l)i if = 1, and (^(0) A if = 0. 

Since p preserves V and A componentwise, when expanding p((e)^) in terms of V 
and then in terms of A, we obtain (p(e)) / = /(e). To illustrate, if e = (0, 1), we 



QUASI-POLYNOMIAL FUNCTIONS OVER BOUNDED DISTRIBUTIVE LATTICES 7 



have 

{p{0,l))f = p(^(0)A^(l),^(0)V(^(l)) 

= p(^(0) A v^(l), ^(0)) V p(^(0) A <^(1), ^(1)) 

= (p((p(0), ^(0)) A p(^(l), (^(0))) V (p(^(0), ^(1)) A p{^{l),^{l))) 

- (/(0,0)A/(1,0)) V(/(0,1)A/(1,1)) 

= /(0,1) (by®). □ 

(Necessity) Suppose that f — po cp. By Claim [1] we have that 6f — {ip)p and 
that pf — {p) f when evaluated on {0,1}". This completes the proof since two 
polynomial functions having the same values on {0, 1}" coincide by Proposition [2l 
(Sufficiency) Since / is a quasi-polynomial function, there exist a polynomial 
function q: Y" — > Y and a unary function ip: X ^ Y, satisfying ip = {'>p)rp, such 
that f — q o ip. By Claim[TJ we have Sf = {ip)q, f — q o Sf, and (q) /|{o,i}" — f = 
Pf \{o.i}" = (l')/l{o,i}"- Therefore, we have 

poif = po{ip)^ = {poip)i^^)^ (by Lemma El) 
= (P° (<^)p)(^)p (byLemmaO 

= {P°'>f)f = {<l°'>f)f (by dSl) and (g)/|{o,i}" = (p)/|{o,i}") 
= {f)f = f (byLemmaEI. □ 

Remark 3. As mentioned in Remark [l] there are several ways of constructing an 
order-preserving function from a given /: X" —>■ Y, e.g., using an expression in 
DNF (as in ^) or using an expression in CNF (as in ([4])). Even though, in general, 
different constructions may lead to different order-preserving functions (as in the 
case of the Boolean sum), by Claim [1] it follows that, if / is a quasi-polynomial 
function, then all possible rearrangements of V and A produce the same order- 
preserving function /. However, the converse statement does not hold, since there 
are order-preserving functions which do not constitute quasi-polynomial functions. 

Recall that every polynomial function p: X" X can be represented as {q)p for 
some Sugeno integral q: X" — > X. Using this fact, we obtain the following result. 

Proposition 11. A function f: X" Y is a quasi-polynomial function if and 
only if it is a quasi-Sugeno integral. 

Proof. Since Sugeno integrals are polynomial functions, it follows that every quasi- 
Sugeno integral is a quasi-polynomial function. For the converse, let / : X" —^ Y 
be a quasi-polynomial function as described in ([6]). Let q: Y" ^ y be a Sugeno 
integral such that p ~ {q)p- Then, by Lemma [71 we have f — p o ip = (go ip)p = 
q o {tp)p, that is, / is a quasi-Sugeno integral. □ 

Remark 4. Proposition 1111 shows that monotone quasi-polynomial functions are of 
interest in the ordinal settings of decision making since they coincide with monotone 
quasi-Sugeno integrals, which were characterized as overall preference functionals 
for instance in decision under uncertainty; see [llj . 

We now consider a number of characterizations of the class of quasi-polynomial 
functions. These characterizations are inspired from those obtained by the authors 
[5] in the special case when X — Y is a bounded chain. 



8 



MIGUEL COUCEIRO AND JEAN-LUC MARICHAL 



We say that a function /: X"- — + F is quasi-median decomposable if, for every 
X G X" and every A: S [n], we have 

(7) /(x)=med(/(x",),,S/(xfe),/(xi)). 

Note that every unary function (p: X satisfying if = (if)^ (in particular, every 
monotone unary function) is quasi-median decomposable. The following theorem 
provides a characterization for quasi-polynomial functions in terms of quasi-median 
decomposition. 

Theorem 12. A function f : X" Y is a quasi-polynomial function if and only 
if it is quasi-median decomposable. 

Proof. To verify that the condition is sufficient, just observe that applying ([7|) 
repeatedly to each variable of / we can straightforwardly obtain a representation 
of / as / = p o (5/ for some polynomial function p. Moreover, we have Sf — {Sf)sf 
Conversely, suppose that / : X" — > y is a quasi-polynomial function. By Propo- 
sition [8] and Lemma [9l we have / = (/) / and there exists a polynomial function 
p: F" Y such that / — p o Sf. By Theorem IH for every x G X" and every 
A: G [n], we have 

/(x) = (/(x)); = {med{p{Sf{^)l),Sf{x,),p{Sf{K)l)))^, 

that is, 

(8) f{^)^med{{p{Sf{^)l))f,6f{x,),{p{Sf{^)l))f). 
However, by using Lemma [9] twice, we obtain 

^ {pisA^t^'^^'^-^'^))^ 

and, since p preserves V and A componentwise, we also have 

{piSfi^)t))f = (/(x",) A f{^l))f = /(x°) A /(xD. 

Similarly, we have (p((5/(x)^))/ = V /(x^). Combining this with ([8]), we see 

that / is quasi-median decomposable. □ 

We say that a function /: X" — s- y is quasi-M -homogeneous (resp. quasi-A- 
homogeneous) if for every x G X^ and c G X, we have 

/(x V c) = /(x) V 5f{c) (resp. /(x A c) = /(x) A 5/(c)). 

Note that, for every quasi- V-homogeneous (resp. quasi-A-homogeneous) function 
/: X" — > F, the diagonal section 5f preserves V (resp. A). 

A function /: ^ Y is said to be horizontally /\- decomposable (resp. horizon- 
tally y -decomposable) if for every x G X" and c G X, we have 

/(x) = /(x V c) A /([x]^) (resp. /(x) = /(x A c) V /([x],)). 

By considering functions /: X" — > Y whose diagonal section (5/ is a lattice 
homomorphism (i.e., 5f preserves both V and A), we can further extend some of 
the characterizations presented in [6] to the present setting. Note that any of these 
preservation conditions immediately ensures the order-preservation of J/, in which 
case, by Fact [T] and Proposition [8l if / is a quasi-polynomial function, then it is 
necessarily order-preserving. 
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Theorem 13. Let f : X" Y be an order-preserving function whose diagonal 
section Sf is a lattice homomorphism. The following are equivalent: 
(i) f is a quasi-polynomial function. 

(ii) f is quasi- /\-homogeneous and quasi-M -homogeneous. 

(iii) f is quasi-A-homogeneous and horizontally V -decomposable. 

(iv) f is horizontally A- decomposable and quasi-V -homogeneous. 

Proof. We show that (i) ^ (ii) (Hi) ^ (i). The equivalence (i) <^ (iv) follows 
dually. 

So suppose that / : X" ^ y is a quasi-polynomial function whose diagonal 
section 5/ is a lattice homomorphism. By Propositions [8] and 111! we may assume 
that f — p ° 6f for some Sugcno integral p: Y. Since p is Ay -homogeneous, 

we have for every c £ X, 

/(xAc) = p{Sf{KAc)) = p{Sf{ic) ASfic)) = p{Sf{^)) ASfic) 

= /(x)A<5/(c), 

which shows that / is quasi-A-homogeneous. Dually, it can be shown that / is 
quasi- V-homogeneous. 

To see that (ii) (iii), suppose that /: X" Y satisfies (ii). Since / is 
order- preserving, for every c £ X, we have 

/(xAc)V/([x],) = (/(x)A<5Kc))V/([x],) = /(x) A (<5/(c) V /([x],)) 

= /(x)A/([x],Vc) - /(x), 

thus showing that {iii) holds. 

To show that (iii) (i), by Theorem [T2l it is enough to show that {iii) implies 
that / is quasi-median decomposable. Let x g X" and take fc £ [n]. Since / is 
horizontally V-decomposable, we have 

/(x) = /(xAxfc)V/([x],J. 

By quasi-A-homogeneity, we have 

/(x A Xk) = /(xj A Xk) = f{xl) A Sf{xk) 

and by the definition of [x]:rj., we have /([xj^j.) ^ /(x^?). Thus, 

/(x) = med(/(x«),/(x),/(xi)) = (/(x^.) V /(x)) A /(xi.) 

= (/(x^.) V (/(xi) A Sf{xk j)) A /(xi) = /(x°) V (/(xi) A Sf{xk)) 

= med(/(xO),5/(x,.),/(xi)), 

which completes the proof of the theorem. □ 

Let y be a bounded chain. We say that a function /: X" ^ F is quasi- 
comonotonic minitive (resp. quasi- comonotonic maxitive) if for every permutation 
(7 on [ri\ and every x, x' G X" such that (5/(x), (5/(x') G FJ*, we have 

/(x A x') = /(x) A /(x') (resp. /(x V x') - /(x) V /(x')). 

By Theorem [51 it follows that every quasi-polynomial function whose diago- 
nal section 5/ is a lattice homomorphism is quasi-comonotonic minitive and maxi- 
tive. Moreover, it is easy to verify that if a function is quasi-comonotonic minitive 
(resp. quasi-comonotonic maxitive), then it is quasi-A-homogeneous (resp. quasi- V- 
homogeneous). Thus, using Theorem [T3] (ii), we obtain the following characteriza- 
tion of quasi-polynomial functions valued on bounded chains. 
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Theorem 14. Let X be a bounded distributive lattive, Y a bounded chain, and 
/: X" Y an order-preserving function whose diagonal section Sj is a lattice 
homomorphism. Then f is a quasi-polynomial function if and only if it is quasi- 
comonotonic minitive and quasi- comonotonic maxitive. 

Remark 5. Theorems 1 121 [T3l and [T4l extend to the present setting some results ob- 
tained in [6] when X = Y is a bounded chain. Order-preserving quasi-polynomial 
functions are also characterized in the latter case by order-preservation and hori- 
zontally A- and V-decompositions (see 6, Theorem 11]). It remains open whether 
this result still holds in the present general setting. 

We now use Theorem [T3l to derive further characterizations of the class of poly- 
nomial functions. We first recall the following lemma given in [8^. 



Lemma 15. A unary function f: X 
f is a solution of the equation f o f 
convex range. 



—t X is a polynomial function if and only if 
~ f, is a lattice homomorphism, and has a 



The following proposition provides conditions under which a quasi-polynomial 
function is a polynomial function. 

Proposition 16. Let f: X" X be a quasi-polynomial function. Then f is a 
polynomial function if and only if it is TZj-idempotent and 6f is a lattice homomor- 
phism with a convex range. 

Proof. The sufficiency is straightforward (see [5] ) • Let us prove the necessity. Since 
/ is T^y-idempotent, we have Sf o Sf — Sf and, by Lemma 1151 Sf is a polynomial 
function. Since / is a quasi-polynomial function, by Proposition[8l / is a polynomial 
function. □ 

By combining Theorem 1131 with Proposition [TBI we obtain the following charac- 
terizations of the class of polynomial functions. 

Corollary 17. Let f: X"' X be an order-preserving andTZj-idempotent function 
whose diagonal section Sf is a lattice homomorphism with a convex range. The 
following are equivalent: 

(i) f is a polynomial function. 

(ii) f is quasi- f\-homogeneous and quasi-M -homogeneous. 

(iii) f is quasi- t\-homogeneous and horizontally M -decomposable. 

(iv) f is horizontally A- decomposable and quasi-V -homogeneous. 

5. Transformed polynomial functions and Sugeno integrals 

We have defined quasi-polynomial functions by considering polynomial functions 
whose variables are first transformed by a certain unary function. Instead of trans- 
forming the variables, we could transform the polynomial function itself. This leads 
to the following definition. 

Definition 18. We say that a function /: X" ^ F is a transformed polynomial 
function (resp. a transformed Sugeno integral) if there exist a polynomial function 
(resp. a Sugeno integral) p: X" X and a function ij): X ^Y such that / = 4'°P^ 
that is. 



(9) 



QUASI-POLYNOMIAL FUNCTIONS OVER BOUNDED DISTRIBUTIVE LATTICES 11 



The functions ijj and p in ([9]) need not be unique. For instance, if / is a constant 
c S then we could choose ip = c and p arbitrarily. However, if c G X, then we 
could as well choose p = c and ip arbitrarily except ipic) — c. The following result 
shows that we can always choose Sf for iJj. 

Proposition 19. Let /: X" —tYbea transformed polynomial function as de- 
scribed in 0). Then, we have f — 5 f o p. In particular, if p is a Sugeno integral, 
then we have tp = 6f. 

Proof. Since any polynomial function p: ^ X is 7?.p-idempotent, we have 5f o 
p = 'ipo8pOp = i}}op = f. The second part follows immediately since then 5p = idx 
is the identity function on X. □ 

We also have the following result, which is the counterpart of Proposition [TT] 

Proposition 20. A function f : X" Y is a transformed polynomial function if 
and only if it is a transformed Sugeno integral. 

Proof. Clearly, any transformed Sugeno integral is a transformed polynomial func- 
tion. Conversely, let / : X" — > F be a transformed polynomial function as described 
in ([9]). Let q: X" — > X be a Sugeno integral such that p = {q)p — Spoq (cf. Fact[T]). 
It follows that f — Tpop — tJjoSpOq^Sfoq is a transformed Sugeno integral. □ 

Denote the domain of a function / by Vf. Recall that a function /i is a right- 
inverse [U p. 25] of a function / if Vh = TZf, TZh C Vf, and f o h — iduf. It 
can be shown that the statement "every function has at least one right-inverse" is 
equivalent to the axiom of choice. Even though, in general, we have to appeal to 
the axiom of choice in order to ensure the existence of right-inverses, this require- 
ment is not necessary in many concrete situations, for instance, when dealing with 
monotone functions over the real numbers. 

We say that / is quasi-idempotent if TZsj = TZf. The terminology "quasi- 
idempotent" is justified by the following result (see [16] for the real case). 

Proposition 21. Let f : X" Y be a function. Under the axiom of choice, f is 
quasi-idempotent if and only if there is an idempotent function g : X" X and a 
function ip : TZg — > Y .such that f — o g. In this case, tp = Sf. 

Proof. Sufhciency is straightforward. We have TZsf = TZ^ = TZ^og =TZf. For the 
necessity we observe that, if h: TZgf X is a, right-inverse of 5/, then the function 
g: X" — > X, defined by g{x) = xi ii xi = ■ ■ ■ — Xn and g{x.) — (ft,o/)(x) otherwise, 
is idempotent and satisfies f = Sf o g. □ 

The following theorem yields a characterization of transformed polynomial func- 
tions whose diagonal sections are lattice homomorphisms. These functions are 
clearly order-preserving by Fact [1] and Proposition [TOl 

Theorem 22. Let f: X" Y be a function and assume that Sf is a lattice 
homomorphism. Then, under the axiom of choice, f is a transformed polynomial 
function if and only if it is a quasi-idempotent quasi-polynomial function. 

Proof. Suppose / : X" — > y is a quasi-idempotent quasi-polynomial function. Let 
h: TZg^ X he a, right-inverse of Sf, i.e., Sfoh — idK^^. , and define %p = Sf and 
P — Phof, where phof is the unique polynomial function extending h o /||o,i}" (see 
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Section 2). Then we have ip o p — 5 f o phof — Pf ° — fj which shows that / is a 
transformed polynomial function. 

Conversely, suppose / : X" y is a transformed polynomial function. By 
Propositions [20l and [211 / is quasi-idempotent. Moreover, by Proposition [191 we 
have f — Sf o p — psjop ° Sf — pf o 6f, which shows that / is a quasi-polynomial 
function. □ 

Remark 6. (i) We have seen in the proof of Theorem [22l that a transformed 
polynomial function /: X" — > Y whose (5/ is a lattice homomorphism sat- 
isfies the equations f — Pf ° Sf ~ Sf opj^^f for any right-inverse ft, of (5/. In 
a sense, the transformation and polynomial function commute since Phof 
has just the same V-A form as pj. 

(ii) Quasi-idempotency is necessary in Theorem 1221 Indeed, the real quasi- 
polynomial function /: [0, 1]^ —> [0, 1], defined by / — p o ip^ where ip — 
Iji ^ and p{xi,X2) = med(a;i Ax2, W X2) is not quasi-idempotent since 
/(l,0) = /(0,l) = i^7^^,. 

(iii) By combining Theorem 1221 with existing characterizations of quasi-polyno- 
mial functions (such as those presented in Section 4), we immediately gen- 
erate characterizations of transformed polynomial functions. 

By combining Proposition [TH] and Theorem [551 we obtain the following result 
which yields conditions under which a transformed polynomial function is a poly- 
nomial function. Observe that, in Theorem 1221 the appeal to the axiom of choice 
is used only to show that the conditions are necessary. 

Proposition 23. Let /: X" X be a transformed polynomial function. Then 
f is a polynomial function if and only if it is TZj -idempotent and 6f is a lattice 
homomorphism with a convex range. 



6. Concluding remarks and future work 

In this paper we considered quasi-polynomial functions as mappings defined and 
valued on, possibly different, bounded distributive lattices, and not necessarily 
order-preserving. The relevance of this concept in fields such as decision making 
was made apparent by showing that monotone quasi-polynomial functions coincide 
exactly with those overall preference functional which can be factorized into Sugeno 
integrals applied to a utility function. We provided several axiomatizations for this 
class of quasi-polynomial functions, which subsume those presented in [6], and ex- 
plicitly described all possible factorizations of a given quasi-polynomial function as 
a composition of a polynomial function with a unary map. Moreover, we intro- 
duced the notion of transformed polynomial function as a natural counterpart of 
quasi-polynomial function, and characterized the class of transformed polynomial 
functions accordingly. As it turned out, under the axiom of choice, those trans- 
formed polynomial functions whose diagonal section is a lattice homomorphism 
constitute a proper subclass of quasi-polynomial functions. 

Looking at natural extensions to this framework, we are inevitably drawn to 
consider the multi-sorted setting. More precisely, we are interested in mappings 
/ : Xi X ■ • • X Xn y which can be factorized as a composition 



/(Xl, . . .,Xn) ^p{pi{xi), . . .,ipn{Xn)) 
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where p: 1"" —> y is a polynomial function, and each tpi : y is a unary map 

defined and valued on, possibly different, bounded distributive lattices Xi and Y. 
These functions appear naturally within the scope of multicriteria decision making 
(see for instance Bouyssou et al. [4j), and their axiomatization constitutes a topic 
of future research. 
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